Filtration using large pressures is an effective method for removing liquids from a flocculated suspension and creating a high volume fraction filtercake. Recent experimental work exhibits phenomena that are unexplained by previous calculations with nonlinear models. These models are modified and now predict the region of clear liquid and the high concentration of the filtercake observed in filtration at large pressure. The governing equations are based on the assumption that, at sufficiently high volume fractions, a network forms through the aggregation of flocs and possesses a compressive yield stress P 5 (O) that, depends only on the local volume fraction 0.
INTRODUCTION
The concentration of fine particles dispersed in liquids is important in the chemical and minerals processing industries. The suspended solids are generally flocculated and then consolidated by applying a body force to the particles, for example, gravity in conventional thickening or an applied pressure in filtration.
Gravitational thickening,1-la both batch and continuous, has difficulty in achieving dense sediments for flocculated suspensions even with a centrifuge. However, filtration using large pressures can concentrate particles to near close packing for such networked systems. This technique removes liquid by expression, that is, compression of suspended material with drainage. A simple example is a cylindrical volume of the material, compressed at one face by a piston or gas maintained at high pressure, with only the liquid allowed to pass through a porous membrane at the other face. Controlling either the fluid expression rate or the applied pressure are feasible modes of operation.
Some simple linear models" 2 for constant expression rate and constant applied pressure, and a nonlinear model for stable suspensions 4 have been studied. The only analysis for flocculated suspensions is by Landman, Sirakoff, and White 15 (referred to below as LSW); filtration at low pressures was analyzed, incorporating a yield stress essential to the solid rheological properties of the networked flocculated suspensions.
2 "1 6 " 7 Their work predicted a final volume fraction approximately double the initial value of 0.1 with large volume fraction gradients sustained until equilibrium was approached at constant pressure. Gravity was not included so the suspension and fluid volumes always coincided.
Recently, Shen' 8 undertook a set of filtration experiments with strongly flocculated silica spheres in hexadecane compressed by a gas at a constant pressure of approximately 100 psi. A medical computer tomography scanner provides a density measurement without disrupting the experiment. As observed by LSW,1 5 the volume fraction at the membrane increased very quickly to approximately its final equilibrium value, giving rise to large volume fraction gradients that diminished with time. However, a significant region of clear liquid appears just above the zone that remains at the initial volume fraction, as represented schematically in Fig. 1 . The liquid zone increased to a maximum size but ultimately disappeared completely. The results of one experiment are illustrated here, with all the heights scaled by the initial height of material (7.78 cm). Figure 2 (c) gives LO-H, the scaled width of the clear liquid zone, versus t, with a maximum of about 0.175 in this experiment. The experiment ended before the clear zone completely vanished; however, its disappearance was seen by eye. Another experiment, at a larger pressure, yielded a smaller clear zone (the maximum scaled width was 0.05) and the time taken for the liquid region to drain was slightly longer (500 min).
The rheological properties of flocculated suspensions are the critical factor in modeling such behavior. We describe them briefly here and refer the reader to a detailed discussion in Buscall and White 2 and Landman et al. 8 The suspended particles interact directly with one another, creating a local particle pressure pa. While conventionally termed a pressure, this is actually the zz component of the network stress tensor (z being the vertical coordinate) characterizing the resistance of the particulate network to uniaxial compression. Adding electrolyte or polymer flocculants to a suspension generally produces connected aggregate structures containing many particles held together by van der Waals or polymer-bridging forces. Once the average particle volume fraction exceeds a percolation or gelation threshold, a continuous network forms and the suspension takes on the properties of a flimsy solid. In particular, the network transmits compressive stresses and can support itself. In such a flocculated system, the particle pressure p, should be more properly thought of as a network pressure that can be increased by applying an exter- nal compressive force-for example, bk pushing on it with a piston, or increasing the gravitational force in a centrifuge. The network structure resists further compression until p, exceeds the compressive yield stress Py(O). Thus Py(O) is the key rheological property corresponding to the network pressure above which a flocculated suspension at volume fraction 0 can no longer support the compressive load elastically, but will yield and consolidate irreversibly. This compressive yield stress Py(O) depends implicitly on the strength of the interparticle forces and, possibly, the previous shear history of the system through the primary floc size and internal structure. Buscall and White 2 extracted PY(q) from measurements of the equilibrium bed height in a centrifuge, yielding power laws of the type Here, we incorporate this rheological model into a onedimensional description of cylindrical filter presses, as in LSW,1 5 to demonstrate that, at large pressures, the resistance of a dense filtercake permits gravitational settling to compete with filtration. Now the time scales for gravitational settling and filtration are the same order of magnitude. Thus gravitational forces must be included in the 
ONE-DIMENSIONAL MODEL FOR A PRESSURE FILTER

A. Equations
Consider a cylinder containing the suspension, compressed by a gas at high pressure so that only the liquid passes through a porous membrane at the other face, as in Fig. 1 . The analysis here will be limited to a constant pressure difference. The treatment for time-varying pressure difference or a specified liquid flux is similar.
Although plug flow is normally assumed in dewatering problems, the assumption that the volume fraction 0 varies little over a cross section leads to similar equations with cross-sectionally averaged velocities and pressure. The equations required to describe the dynamics are force balances and mass balances on the particles and the liquid, plus a kinetic equation for the particles.
In the force balances, the hydrodynamic drag counters the pressure gradient and the gravitational force. This assumes that inertia and shear stresses transmitting momentum from the bulk of the fluid to the container walls are negligible compared to the other terms. The former is clearly appropriate and the latter is supported by experiments 2 0 for flocculated systems showing that yield stresses in shear are small compared to compressive stresses. With these assumptions the fluid and particle force balances are, respectively
The first terms in Eqs. (2) and (3) are the hydrodynamic drag, exerted by the particles on the suspending fluid and by the suspending fluid on the particles, respectively, with fl(o) term accounting for the hydrodynamic interactions between the particles. Relating /3(q) to the sedimentation velocity V(+) I as identifies the hindered settling factor2 as
where Us, is the terminal velocity of a single particle. For flocculated systems r(q) or V(0) must be determined experimentally.' 9 ' 2 ' Our particular choice is discussed in Sec. V. Now substracting Eq. (2) multiplied by 0/(1-sb) from Eq. (3) forms
where Ap=(p 3 -pf). Then Eqs. (2) and (5) are equivalent to Eqs. (3) and (2), respectively, in LSW,1 5 except for their exclusion of gravitational terms.
Conservation of particle and fluid mass requires the continuity equations
(6) ( 
7)
Suppose that the suspension fills a cylinder with O<z~l(t), where z=0 corresponds to the membrane position and 1(t) to the gas-suspension interface at time t. Then with
the continuity equation (6) becomes do a(0u) At az
and the total solid and fluid flux equals qf, the fluid flux at the (solids impermeable) membrane dl
Ou+(I-O)w=qf= -(
Hence, eliminating the fluid velocity w from (5) with (4a) gives
Buscall and White 2 put forward the following constitutive equation for the kinetics of the flocculated suspension:
Here, D/Dt is the material derivative and K(0) is the dynamic compressibility of the suspension. Note that Eq. (12) ignores any compressibility of the network when p 3 (r,t) < PY [0 (r,t) ]. Inclusion of the effect of elasticity in the unyielded network is straightforward.' 5 Using the continuity equation (9) 
_5Z 1[K(0)10][P.,-Py(0)], P,>Py(o).
Equations (9), (11), (13) , and (15) fully describe the system; all that remain are the initial and boundary conditions. At time t=O, we assume that 0 is a constant d0 throughout the cylinder: (16) where 00 > qig leaving the boundary conditions to be discussed next.
B. Zones in the container and boundary conditions
At the gas-suspension interface, the fluid velocity must equal that of the interface, i.e., dl so that Eq. (10) becomes
,[l(t),t/ uLl(t)t] \dl)-=-
Hence we have two possible ways to satisfy this equation. At this interface the solids velocity must equal that of the interface, i.e.,
u[h(t),t] = -T. with no clear region and h (t) = 1(t) for all time. If there is a region z,(t)<zrh(t) where p<Py(S 0 0), 0=400, and u
, then the pressure gradient must be independent of time dpz For this case, the boundary condition (20) The last boundary condition concerns the liquid pressure at the membrane. Darcy's law for flow through the filter at z=0 gives
where kf is the filter permeability and hf is the filter thickness. From Eq. (2), namely
a-z-
Eliminating w(O,t) and pf with Eqs. (14) and (15) evaluated at z=0 gives
Ps -rf ()( a +Apgo) -o'+pfgl(t) +Apgolo (19)
With a clear zone, h (t) <1(t) and then the network pressure at the top of the bed is clearly (20) and consolidation only occurs where the network pressure p, rises above PY(00). Hence, in a region at the top of the column z*(t) <zZh(t), where p 5 <PPy(0 0 ), the volume fraction remains at 0 0 and all the particles fall at u =-dh/dt. In this region, the pressure gradient is independent of position at z=0
ps[h(t),t] =0
with rf,(q) =irjhf/kfi3(0;).
As seen here, the membrane filter resistance rf depends on time t through fl(q). When the membrane is infinitely permeable to liquid so that the membrane provides no resistance to flow, rf(0) _0 and Eq. (23) simplifies to
dp 5 
/1 d(l-h)
Hence, for constant pressure drop a, the solids' pressure at
the membrane decreases with t through 1(t). However, we
will neglect the effect on the basis that o>pJg1 0 .
from Eq. (11). Note that h(0)=1(0)=Io and we have Now we must solve the nonlinear partial differential d(l-h)/dt>O initially. Also the pressure must increase equations (9), (11), and (13b) with three unknown movfrom zero with depth into the column imposing the coning boundaries. First, however, it is best to make all the straint d(l-h)/dt< V(l 0 ). Thus equations dimensionless focusing on type (a) since type
(b) was analyzed in LSW.15
P (I)t V(/)o) dt )(2
At position z, which marks the boundary between the III. DIMENSIONLESS FILTRATION EQUATIONS uniform zone (0=q0 0 ) and the consolidation zone, the netIn this problem, the time scales for filtration and the work pressure becomes equal to the compressive yield gravitational settling compete, with their relative magni-
stress, pj[z(t),t]=P,(0 0 ). Hence Eq. (22) evaluated at
tudes determining the size of the clear zone. z*(t) relates the solids height, the liquid height, and the (a) The filtration velocity, -dl/dt, can be estimated critical height.
from the pressure drop divided by the resistance due to the (b) Alternatively, Eq. ( 18) is satisfied when the solids growing filtercake RfC. Following Russel, 2 2 if the volume velocity is equal to the liquid velocity at the top of the fraction in the filtercake is As, then the filtration velocity is column. Then the two phases travel together at the top approximately 
Note that £ also appears in models for gravitational thickening 8 where E < 1 is necessary for any consolidation to occur.
With these scalings, the solution in the free fall zone
ZC(T)Z<NH(T) is
The gravitational sedimentation time is
leading to
Typical parameter values for the Shen experiments" 8 given in Table I Hence, for this system, the filtration time scale is typically comparable to or larger than the sedimentation time scale, explaining the clear zone when the filtercake volume fraction is approximately 0P. Conversely, for the low to moderate pressure differences discussed in LSW, 
For the numerical work we assume the form (1) of the yield stress giving the dimensionless expression
IV. SIMPLIFICATIONS AND SOME ANALYTIC RESULTS
A. Equations
Following the methods used previously, these equations can be further simplified. Experimental evidence 2 indicates that drainage of the suspending fluid from between the particles controls the collapse as the network consolidates. This means that 7wK(to) is order 00 and I' in Eq. (30b) is e[(11ap) 2 ] (10 ) using typical dimensions. This scaling argument gives which ceases consolidating, i.e., where Hl <f (4) , U=O and 4)(Z,T)=4)(0,0+). For our systems, pf/Ap=e(l) and 8<1 since gravitational forces are small relative to the applied pressure. In fact, q<0 0 in the experiments so that 1/6 dominates in the bracketed term in equation (31e). Hence the decreasing nature of the pressure and the narrow region at the membrane can be ignored. When Rf=0, we set (37a) but with a finite membrane resistance
which is more complicated, since dL/dT will be negative but an increasing function while L(T) decreases. Below, we show that this case is of no consequence.
therefore Eq. (30b) can be replaced by
r==f(4)).
(33)
Physically this means that when p, exceeds PY(q), collapse rapidly adjusts 0 locally to reestablish P (0) zp 5 Equation (33) is not new. Several other authors 1 9 ' 2 3 proposed constitutive equations connecting network stress to local volume fraction. For stable suspensions ps=P 0 ,(q), the osmotic pressure of the particles. However, the constitutive relationship for a flocculated suspension depends on rapid collapse when the yield stress is exceeded.
Substituting Eq. (33) in (29) yields the consolidation equations as
a4) 8(4)U)
where D(4))=Ef'(4)r(4))
resembles a diffusion coefficient.
B. Boundary conditions
According to the above argument, HI can be replaced by f(4)) in the boundary condition (31e) only when II>f( 4)). When the membrane is infinitely permeable, Rf=0 and Since we are concerned with 8<1, implying u 2 4<1, the analysis is only valid for extremely short times. Indeed when y 2 < T<1, 4) at the membrane approaches the value required for the yield stress to match the applied pressure, as in Eq. (37a). Therefore, for the more significant times [t 2 < T< 1, the volume fraction at the filter is well approximated by the limiting case of zero filter resistance. A small time analysis for the Rf= 0 case will then apply to a much larger class of pressure filters where <1. Thus the filter resistance is of no consequence. Now consider the case of Rf=0 and 4)> 1 at Z=0 given by f ((D) = 1. Eliminating the velocity U from Eqs.
(34) and (35) and assuming a solution of the form 4>=4'(g,T) with 4=Z/Tb leads to b=1/2 giving the dominant terms in the equation as '9( (4) 
ZJ(T) =ryT' 12
for T. 1.
The values a and y must be obtained numerically b ing Eqs. (38) and (39) 
D(4F) a(Dv
+Z,(T) axY)' dL D((F) a( diT~ V(4D) + (DZc(T) aXd H dL E dT ldT ~H-Z,
V. NUMERICAL SOLUTION
Numerical integration is necessary to solve the nonlinear partial differential equations with three unknown moving boundaries. Two methods were implemented as a check and also to investigate the merits and disadvantages of each. 
Equation (45) 
constructed for the spatial derivatives on a mesh of N points. Therefore Eqs. (44)- (47) are replaced by an initial value problem for a set of N+ 3 ordinary differential equations and solved with a stiff integrator algorithm. A more complete discussion of the method appears in Auzerais et aL, ' Auzerais, 24 and Scheisser. 2 5 Method 1 has the advantage of only two equations in the system of ordinary differential equations, while method 2 produces more than the number of discrete points in Z (as many as 500 for very sharp fronts). The most important difference is that the stiffness of method 2 dictates very small time steps, whereas the requirements for method 1 are less stringent, even though the shooting method takes a number of iterations at each time step.
We now focus on the parameter values given in Table  I for the experimental system described in Fig. 2. With   1/858x 103 and s=(l/8)[Py(4, 0 )/a) 
corresponds to varying Py (4, 0 ) , which is unknown for this particular system. Comparison of the results for various E gives an estimate of PY(4, 0 ) for the system. To test our model, we choose E=0.02, 8=1.25XI0-4, -0=0.1 and n = 4 in the compressive yield stress function in Eq. (1) or (32).
As noted earlier few measurements of the settling velocity V(0) for flocculated suspensions are available. Auzerais et aL 19 extracted two empirical formulas from data for weakly flocculated suspensions of silica particles in cyclohexane (corresponding to two particle sizes). We use the one for the larger particle radius ap=0.30 ,m (since it is closer to the particle size in Table I 2 behavior in the heights and the linear increase in L -H for small times. As the water drains through the bed, the decay in L is almost linear suggesting Darcy flow through a fixed porous bed. After all the water has drained, L=H, so the boundary condition I1= 0 is no longer valid and filtration proceeds as in LSW,' 5 with the whole container filled with consolidating suspension. The system goes to steady state as anticipated. The volume fraction profiles in Fig. 3(c) reveal large volume fraction gradients as in Fig. 2(b) . For a single particle in Table I with uv= 8.7 X 10-6 cm/sec and a value of V(0 0 ) above, V( 0 0)/1 0 =8.677X 10-3 /min so that t=400 min corresponds to T=3.5. However, we observe steady state at Tz 1, due to the faster initial decay driven by the filtration and reflected in the T-11 2 behavior. Figure 4 (a) illustrates the interface heights when £ is increased to 0.08, all other parameters remaining the same. Relative to the case in Fig. 3 , the sedimentation effects reflected in the difference L -H are smaller. Also the volume fraction profiles in Fig. 4(b) are less steep and the volume fraction at the membrane is smaller. Thus letting £-* 1 reduces the degree of consolidation while minimizing the sedimentation, reducing the problem to pure filtration as in LSW.' 5 Alternatively, as £-0, which is equivalent to Py(0 0 ) -0, the suspension behaves like a stable dispersion with only three zones, namely 0 = cp, 0 = 00, and 0 = 0.
Various other parameter values were tested, giving qualitatively similar results. For example, when 8 is increased; equivalent to decreasing the pressure difference relative to gravity, the time scale for the liquid to drain increases.
It is informative to compare certain features of the numerical results to asymptotic solutions. For the initial transients described in (39e), the curves in Fig. 3(a) Taking ZmsxZ0.097 to correspond to the depth of the 4>=6 contour yields dL/dT -0.3. These two rate values support the idea that the densest region of the cake, which fills less than half the consolidation zone, contributes most to the pressure drop through the highly nonlinear form of ,6(q). Also note that the larger value of E (=0.08) translates into a larger H-Z, during the drainage period [cf. Fig. 4(a) ]. Initially L-H increases linearly with T with slope 1--from Eq. (39e) but then slows as the unconsolidated region diminishes and stresses transmitted from the bottom decrease the rate of sedimentation [ Fig. 3(b) ]. When H-Z,=E, the relative velocity (31f) goes through zero and becomes negative as filtration overtakes sedimentation. As H-Z, becomes constant during the drainage period, the constant negative slope noted in the previous paragraph appears.
The final stage of the process corresponds to that treated previously' 5 but with an inhomogeneous initial condition with &< 1. Since 11(0,T) =4X 105, the volume fraction at the bottom is only marginally less than Alp [from (37a)]. Thus the applied pressure easily compresses the cake to almost maximum packing and the approach to steady state should proceed at a rate that decreases with time due to the continued accumulation of the dense cake. This is readily seen at a larger value of E.
For completeness, Fig. 5(a) compares the interface heights L and H that arise from a model with filtration but no gravitational effects 15 with parameter values as in Fig.  3(a) , where filtration and gravitational effects are both considered. The early time T"' 2 behavior in the height follows the other curves as expected. However, gravity does deliver particles to the bottom of the container and therefore increases the rate of cake growth, which in turn reduces the rate of liquid expression -dL/dT. The difference in the overall time is approximately 30% which is consistent with the size of the particle-free zone. The fact that the time scale is longer with gravity amplifies the role of the cake in controlling the resistance. Figure 5(b) depicts the corresponding volume fraction profiles-when there are no gravity effects, there is neither a clear liquid zone nor a zone where the volume fraction remains at 00, although for a significant time period the volume fraction is approximately 0 0 for much of the upper part of the column.
VI. CONCLUSION
At first sight, the significance of gravitational settling for consolidation of flocculated systems under high pressure seems counterintuitive. However, our model rational- izes the importance of gravitational effects for consolidation at very large pressures, when they can be ignored at low to moderate pressures. The reason for this apparent paradox is that high pressures pack the cake at the membrane to near maximum density, thus creating a large resistivity that hinders drainage of the fluid through the membrane. This pressure drop slows the process allowing time for the less dense suspension in the upper portion of the container to settle under gravity onto the high density cake. The results of our model compare well with the experiments of Shen. 
